Abstract
Probability that the cause of an intermittent failure at the kth warranty claim is not successfully detected S 2 (t) Probability of successfully identifying and then repairing the cause of intermittent failures at time t H 3 (t) Cumulative distribution function due to a NFBR claim ) ( 1 t q Probability of a claim being made at time t, given that a fatal failure has occurred 
Introduction

22
A warranty is a contractual obligation incurred by a manufacturer (vendor or seller) in connection with the 23 sale of a product. In broad terms, the purpose of warranty is to establish liability in the event of a premature 24 failure of an item or the inability of the item to perform its intended function [1] . Product warranty has become 25 increasingly more important in consumer and commercial transactions, and is widely used to serve many 26 different purposes [2] . The US Congress has enacted several acts (UCC, Magnusson Moss Act, Tread Act, etc.) 27 over the last 100 years. The European Union (EU) passed legislation requiring a two-year warranty for all 28 products sold in Europe [3] . 29 Analysing warranty claims can provide manufacturers with useful information on their products, as 30 warranty claim data are collected from the field that reflects the real operating conditions and usage intensity. 31 Research on analysing warranty claims data has mainly been concentrated on dealing with incomplete warranty 32 claims data ( see [4] [5] [6] , for example) and developing improved techniques to model warranty claims data ( see 33 [7-10], for example). After the field reliability of products has been estimated, warranty servicing cost analysis 34 becomes another topic that needs to be focused. In this area, optimising warranty policies under different cost 35 settings (see [11] [12] [13] , for example), and selecting maintenance policies for given warranty policies are two main 36 research focuses (see [14, 15] , for example). For more detailed information on warranty claims data analysis and 37 warranty servicing cost analysis, the reader is referred to the review papers [3, [16] [17] [18] [19] [20] and the three books 38 [19, 21, 22] . 39 However, our literature review shows that most of the existing research makes the following two (ii) claims reported are due to product failures. 43 The above two assumptions do not necessarily hold and are associated with consumers' behaviours 44 towards warranty claims. 45 On Assumption (i), most of the research assumes that an absence of warranty claim is a 'no failure' 
50
For Assumption (ii), most authors assume that reported claims are due to product failures. Little research 51 considers situations where reported products might be due to misuse, other human factors, or even non-failed 52 products. In this paper, all of such claims are called non-failed but reported (NFBR) claims.
53
Consumers might also execute warranty claims after they have experienced a number of intermittent 54 failures. An item might stop working due to a fatal failure or an intermittent failure. A product with a fatal 55 failure will stop working until it is repaired. In practice, not all of failures are fatal; some are intermittent. An 56 intermittent failure is the loss of some functions or performance characteristics of a product for a limited period 57 of time until subsequent recovery of the function. In the case of intermittent failures, consumers may experience 58 a failure and restart the product (for example, computers) and it runs OK. When the product is taken to a service 59 agent, the repairman might not experience this failure when the item is being detected. The claims due to 60 intermittent failures can constitute a quite large proportion of the entire claim population, as the percentage of 61 the "no-fault found" (NFF) event can be as high as 50% of all failures in electronic products while intermittent 62 failure is one of the main causes of NFF [29] . An intermittent failure example can be as follows.
63
A global variable in an electronic product is read and rewritten over another global variable; a 64 miscalculation can then arise and lead to product failure. The users can therefore mistakenly believe that the 65 product has failed and claim warranty, the product is then sent to a service agent. However, when the global 66 variables are reset, perhaps upon rebooting the computer, the product can return to normal function. 67 Although intermittent failures are a main cause of failures, little research has been found to model their 68 warranty costs.
69
In this paper, we derive warranty costs for three situations: NFBR claims, FBNR phenomenon, and their 70 combination, and we assume two types of failures: fatal and intermittent failures.
71
The novelty of this work lies in:
72
 to our knowledge, it is the first paper modelling warranty claim cost due to NFBR claims;
73
 it considers manufacturer's ability to rectify intermittent failures and assume such ability is increasing The paper is structured as follows. Section 2 discusses human factors in warranty claims. Section 3 78 develops three models considering both physical reliability and human factors for repairable products. Section 4 79 offers numerical examples to validate the models developed above. Section 5 concludes the findings. 
Human factors in warranty claims
81
In this section, we discuss three factors that might cause warranty claims: non-failed but reported (NFBR), 82 failed but not reported (FBNR), and claims arising from intermittent failures. way, according to industry reports" [29] . 94 of sufficient training on product usage or faulty operational manual, product users might not be able to 96 operate the products correctly, all of which can cause the products unable to work properly. The users 97 can therefore mistakenly believe that the products have failed, and then claim warranty. 98 Here, we refer non-failed but reported claims (NFBR) to those claims that are purely due to human factors. 99 It differs from claims upon intermittent failures that can occur but cannot be verified, replicated at will, or 100 attributed to a specific failure site, mode, and mechanism. It also differs from claims arising from fatal failures 101 that are due to products themselves but not human factors.
102
Responses of the manufacturers to NFBR claims can be different: (1) some manufacturers might even 103 cease the warranty contract with consumers with NFBR claims, and (2) some manufacturers might not cease the 104 warranty contract, as it is not easy to judge if a NFBF claim is intentionally or unintentionally committed. 105 However, a common feature is that both can incur costs to the manufacturers, and therefore should be 106 considered in estimating warranty claim cost. There is a trend towards long-term warranties [20] . Rapid technological advances in many industries, 116 especially the electronics manufacturing industry, make products obsolete quicker than before, which requires 117 product manufacturers to provide long-term warranties to protect consumers' profits. Long term warranty and 118 complex products will make FBNR events occur more often than short term warranty. This presents an 119 incentive to estimate warranty claims for the FBNR claims. From a manufacturer's perspective, costs due to NFBR might only include costs on reporting (for example, 141 delivering the non-failed products to their manufacturers), and cost due to FBNR might be zero as no report is 142 conducted for a failed product.
143
In developing warranty claims models considering human factors such as NFBR and FBNR, an important 144 requirement is that we should be able to differentiate claims due to NFBR from those due to FBNR in the 145 models. This is because we need to estimate the cost on claims due to NFBR and FBNR. 146 The impact of intermittent failures can be profound. Due to their characteristics, manufacturers may 147 assume a cause(s) rather than spend the time and cost to determine a root-cause. This can result in increased 148 maintenance costs, decreased equipment availability, increased consumer inconvenience, reduced consumer 149 confidence, damaged company reputation, and in some cases potential safety hazards [29] . 150 The probability distributions of NFBR claims and FBNR events also have their own characteristic features. 151 The proportion of NFBR claims in the whole product population might decrease over time since the products 152 have entered service, whereas the proportion of FBNR events might increase over time. The NFBR for 153 repairable products might seldom occur after the products have failed and repaired once, because the users can 154 be assumed to have learnt how to operate the products from this failure and shall not make more mistakes of 155 reporting non-failed products. It is therefore reasonable to assume that a consumer makes at most one NFBR 156 claim. manufacturer's ability to detect and further fix the cause develops over time.
192
As such, we can consider the following two cases: the probability of successfully identifying and then 193 repairing intermittent failures depends on (1) the number of claims due to intermittent failures; and (2) time.
194
In case that the probability of successfully identifying and then repairing intermittent failures is dependent 195 on the number of claims, we can estimate the expected claim cost as follows. 
The first term in Eq (8) is the expected claim cost due to fatal failures. It considers both the probability of 263 fatal failures and the probability of consumers being inclined to claim warranty for products due to these fatal ) ( 
Discussion
283
For the expected costs, we have the following special cases.
284
(1 
Numerical data analysis
298
Assume that
302
and set the values of the parameters in the above equations as in Table 1. 303 Table 1 . A list of parameters 
Expected costs against parameters and n
311
If we change η from 0.1 to 1 with a step 0.1, and keep the other parameters fixed as shown in Table 1 Figure 1 shows the values of EC 32 (w) against η, for the cases when n=5 and n=25. It can be seen that EC 32 (w) 321 increases much faster for the case n=5 than that for the case n=25. It can also be seen that EC 32 (w) reaches the 322 smallest value when η =1. η =1 implies that the cause of intermittent failures can be detected immediately. as shown in Table 1 , then we obtained the expected costs as shown in Table 3 .
328 Figure 2 shows that the values of EC 32 (w) increase when q 2 changes from 0.1 to 0.6, then they decrease 329 when q 2 becomes larger, say, when q 2 changes from 0.6 to 1. It can also be seen that the values of EC 2 (w) are 330 much larger in the case of n=5 than those where the case of n becomes larger.
331
The findings about the relationship between parameter and EC 2 (w) is interesting. As one might expect, 332 the larger values of imply more reports arising from intermittent failures and therefore can incur larger cost 333 to a manufacturer. From both decrease, as shown in Table 4 and Table 5 . We also notice that the gradient of the changes in EC 11 (w), EC 12 (w), 
Conclusions
366
Conventional research on warranty claims simply assumes that claims are only due to product failures and 367 consumers will report claims upon product failure, which might not be true in reality. This paper models the 368 expected warranty claim costs when consumer behaviour is taken into account for products protected by non-369 renewing warranty policy. The numerical examples in the paper show the relationships between parameters and 370 the expected costs. The paper also shows that the expected claim costs are sensitive to the number of products 371 sold.
372
With increasingly more accumulated warranty claim data, manufacturers should be able to develop more 373 accurate warranty claim models to predict the expected cost and the expected number of claims. Such models 374 should also include more relevant factors, such as failed but not reported phenomenon and non-failed but 375 reported claims, which might impact warranty claims.
376
Our future research includes the following issues.
377
 The probability of not detecting the cause of intermittent failures and the probability of failed but not 378 reported phenomenon were assumed to be dependent on the number of claims. Possible extensions are 379 to assume them to be associated with both product age and the number of intermittent failures reported. 
